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The principle of superposition is a key ingredient for quantum mechanics. A recent work [M.
Oszmaniec et al., Phys. Rev. Lett. 116, 110403 (2016)] has shown that a quantum adder that
deterministically generates a superposition of two unknown states is forbidden. Here we propose
a probabilistic approach for creating a superposition state of two arbitrary states encoded in two
three-dimensional cavities. Our implementation is based on a three-level superconducting transmon
qubit dispersively coupled to two cavities. Numerical simulations show that high-fidelity generation
of the superposition of two coherent states is feasible with current circuit QED technology. Our
method also works for other physical systems such as other types of superconducting qubits, natural
atoms, quantum dots, and nitrogen-vacancy (NV) centers.
I. INTRODUCTION
The superpositions of quantum states is at the heart of
the basic postulates and theorems of quantum mechan-
ics. Quantum superposition studies the application of
quantum theory or phenomena, that is different from the
classical world, leads to many other intriguing quantum
phenomena such as quantum entanglement [1] and quan-
tum coherence [2, 3]. It is a vital physical resource and
has many important applications in quantum informa-
tion processing (QIP) and quantum computation such as
quantum algorithms [4, 5], quantum metrology [6], and
quantum cryptography [7].
A quantum adder is a quantum machine adding two ar-
bitrary unknown quantum states of two different systems
onto a single system [8, 9]. How to generate a superpo-
sition of two arbitrary states has recently aroused great
interest in the field of quantum optics and quantum in-
formation. For example, Refs. [8, 9] have proved that it
is impossible to generate a superposition of two unknown
states, but Ref. [9] proposed a method to probabilistically
creating the superposition of two known pure states with
the fixed overlaps. Ref. [10] has shown that superposi-
tions of orthogonal qubit states can be produced with
unit probability, and Ref. [11] has demonstrated that
the state transfer can be protected via an approximate
quantum adder. Recently, the probabilistic creation of
superposition of two unknown quantum states has been
demonstrated experimentally in linear optics [12] and nu-
clear magnetic resonance (NMR) [13].
Circuit quantum electrodynamics (QED) consisting of
superconducting qubits and microwave cavities are now
moving toward multiple superconducting qubits, multiple
three-dimensional (3D) cavities with greatly enhanced
coherence time, making them particularly appealing for
large-scale quantum computing [14–16]. For example,
a 3D microwave cavity with the photon lifetime up to 2
s [17] and a transmon with a coherence time∽ 0.1ms [18]
∗ ycs@dlut.edu.cn
have been recently reported in 3D circuit QED. Hence,
3D cavities are good memory elements, which can have
coherence time at least four orders of magnitude longer
than the transmons. By encoding quantum information
in microwave cavities, many schemes have been proposed
for synthesizing Bell states [19], NOON states [20–26],
and entangled coherent states [27, 28] of multiple cavities,
and realizing cross-Kerr nonlinearity interaction between
two cavities [29, 30].
Three-dimensional circuit QED has emerged as a well-
established platform for QIP and quantum computation
[31–36], including creation of a Schro¨dinger cat state of a
microwave cavity [32], preparation and control of a five-
level transmon qudit [33], demonstration of a quantum
error correction [34], realization of a two-mode cat state
of two microwave cavities [35], and implementation of
a controlled-NOT gate between multiphoton qubits en-
coded in two cavities [36]. Considering these advance-
ments in 3D circuit QED, it is quite meaningful and nec-
essary to implement a quantum adder in such systems.
In this paper, we present a probabilistic scheme to re-
alize a quantum adder that creates a superposition of two
unknown states by using a superconducting transmon
qubit dispersively coupled to two 3D cavities. This cir-
cuit architecture has been experimentally demonstrated
recently in [35]. Our protocol has the following fea-
tures and advantages: (i) The superposition of two
states are encoded in two three-dimensional cavities
which have long coherence time rather than encoded
in qubits. (ii) The states of cavities can be in arbi-
trary states, e.g., discrete-variable states or continuous-
variable states. (iii) Due to the interaction between the
two cavities is mediated by the transmon, cavity-induced
dissipations are greatly suppressed. (iv) Our proposal
can also be applied to other physical systems such as
quantum dot-cavity system [37], natural atom-cavity sys-
tem [38], superconducting circuits with other types of su-
perconducting qubits (e.g., phase qubit [39], Xmon qubit
[40], flux qubit [41]), hybrid circuits for two nitrogen-
vacancy center ensembles coupled to a single flux qubit
[42].
The remaining of this paper is organized as follows. In
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FIG. 1. (color online) A diagram of the quantum adder. Here,
|ψ〉a and |ϕ〉b are the two arbitrary input pure states, while
|ψ〉a + |ϕ〉b is the out superposition state with the referential
state |χ〉.
Sec. II, we review some basic theory of quantum adder
that creates the superposition of two arbitrary states.
Our experimental system and Hamiltonian are intro-
duced in Sec. III. In Sec. IV, we show the method to
implementing a quantum adder in 3D circuit QED sys-
tem. In Sec. V, we give a brief discussion on the exper-
imental implementation of a quantum adder with state-
of-the-art circuit QED technology. Finally, Sec. VI gives
a brief concluding summary.
II. BASIC THEORY OF QUANTUM ADDER
We now review some basic theory of quantum adder
(Fig. 1) which can generate the superposition of two pure
states. Assume that particles A and B are respectively
initially in arbitrary pure states |ψ〉A and |ϕ〉B, and an
ancilla particle T is prepared in an arbitrary superpo-
sition state |φ〉T = αT |0〉T + βT |1〉T with normalized
coefficients αT and βT . We first implement a three-
qubit controlled-SWAP gate such that the initial state
|ψ〉A|ϕ〉B |φ〉T of three qubits evolves into
αT |ψ〉A|ϕ〉B |0〉T + βT |ϕ〉A|ψ〉B |1〉T , (1)
where the qubit T is a control qubit and qubits A and B
are two target qubits. Equation (1) means that the states
of the target qubits are swapped only if the the control
qubit is in the state |1〉T and unchanged otherwise.
Then we make projective measurements on the states
|±〉T and |χ〉B of qubits T and A, respectively. Here,
|±〉T = (|0〉T ±|1〉T )/
√
2 and |χ〉B is the referential state
which satisfies 〈χ|ψ〉B 6= 0 and 〈χ|ϕ〉B 6= 0. Accordingly,
one obtains the following superposition state of qubit A
|Ψ〉A = 1
N
(γ|ψ〉 ± η|ϕ〉), (2)
where γ = αT 〈χ|ϕ〉B , η = βT 〈χ|ψ〉B , and the normaliza-
tion constant N =
√
(1/2)[|γ|2 + |η|2 ± 2Re(γη∗〈ϕ|ψ〉)].
Here, the sign “+” or “−” of the output state depending
on the measurement |+〉 or |−〉 of ancilla qubit T . It can
be seen that the performance of the above superposition
state is possible with prior knowledge of the overlaps of
〈χ|ϕ〉 and 〈χ|ψ〉. As shown in above operations, the su-
perposition state of Eq. (2) can be produced under the
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FIG. 2. (color online) Schematic of a single transmon qubit
dispersively coupled to two three-dimensional microwave cav-
ities A and B.
knowledge about the overlaps 〈χ|ϕ〉 and 〈χ|ψ〉. We find
that if we vary the coefficients αT and βT , then the ar-
bitrary superposition state of qubit A is prepared with
prior knowledge of the overlaps.
III. SYSTEM AND HAMILTONIAN
Superconducting qubits based on Josephson junctions
are mesoscopic element circuits like artificial atoms, with
multiple discrete energy levels whose spacings can be
rapidly adjusted by varying external control parameters
[40, 43–45]. Typically, a transmon [46] has weakly an-
harmonic multilevel structure and the transition between
non-adjacent levels is forbidden or very weak.
Motivated by the experimental advances in 3D circuit
QED, we here consider a circuit system consisting of a
transmon qutrit (with three states |g〉, |e〉 and |f〉) ca-
pacitively coupled to two separate 3D superconducting
cavities as shown in Fig. 2. The Hamiltonian to describe
the microwave cavities coupled to the transmon reads
H = H0 +HI . The free Hamiltonian H0 is given by
H0 = ωeg|e〉〈e|+ (ωeg + ωfe)|f〉〈f |+ ωAa†a+ ωBb†b,
(3)
with ωeg (ωfe) denoting the |g〉 ↔ |e〉 (|e〉 ↔ |f〉) transi-
tion frequency of transmon qubit, ωA (ωB) denoting the
frequency of cavity A (B), and a† and a (b† and b) repre-
senting the creation and annihilation operators for cavity
A (B).
The coupling Hamiltonian HI of the whole system is
given by
HI = gA(aσ
+
eg + a
†σ−eg) + gB(bσ
+
eg + b
†σ−eg)
+
√
2gA(aσ
+
fe + a
†σ−fe) +
√
2gB(bσ
+
fe + b
†σ−fe), (4)
where σ+eg = |e〉〈g| (σ−eg = |g〉〈e|), σ+fe = |f〉〈e| (σ−fe =
|e〉〈f |) represent the raising (lowering) operators respec-
tively corresponding to the |g〉 ↔ |e〉 and the |e〉 ↔ |f〉
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FIG. 3. (color online) Schematic diagram of transmon-
cavity interaction. Cavity j is far-off resonant with the
|g〉 ↔ |e〉 (|e〉 ↔ |f〉) transition of transmon qubit with
coupling strength gj (
√
2gj) and detuning ∆j (δj). Here,
∆j = ωeg − ωj and δj = ωfe − ωj (j = A,B).
transitions in the transmon, gA (gB) and
√
2gA (
√
2gB)
denote the coupling strengths. Here we would like to em-
phasize that both the transitions in the transmon should
be considered due to the weak anharmonicity [46]. How-
ever, the |g〉 ↔ |f〉 transition of the transmon is a for-
bidden dipole transition [46], so the transition |g〉 ↔ |f〉
can be neglected.
To proceed, let’s turn to the the interaction picture
with respect to H0 = ωeg|e〉〈e| + (ωeg + ωfe)|f〉〈f | +
ωAa
†a+ ωBb†b. Then the Hamiltonian can be given by
HI = gA(aσ
+
ege
i∆At + a†σ−ege
−i∆At)
+ gB(bσ
+
ege
i∆Bt + b†σ−ege
−i∆Bt)
+
√
2gA(aσ
+
fee
iδAt + a†σ−fee
−iδAt)
+
√
2gB(bσ
+
fee
iδBt + b†σ−fee
−iδBt), (5)
where the detunings ∆j = ωeg − ωj and δj = ωfe −
ωj = ∆j − α, with the transmon anharmonicity α =
ωeg − ωfe > 0 (j = A,B). The first and second terms
describe the off-resonant coupling between cavity j and
the |g〉 ↔ |e〉 transition of transmon (Fig. 3), while the
third and fourth terms denote the off-resonant coupling
between cavity j and the |e〉 ↔ |f〉 transition of transmon
(Fig. 3), respectively. For a transmon, a ratio 3% − 5%
of the anharmonicity between the |g〉 ↔ |e〉 transition
frequency and the |e〉 ↔ |f〉 transition frequency is read-
ily achieved in experiments. In the following, we choose
|∆j | > α to derive the following effective Hamiltonian by
using the method [47].
Applying the large-detuning conditions |∆A| ≫ gA and
|∆B| ≫ gB (i.e., |δA| ≫
√
2gA and |δB| ≫
√
2gB), the
Hamiltonian (5) changes to [47]
He =
(
2g2A
δA
aa† +
2g2B
δB
bb†
)
|f〉〈f |
+
(
g2A
∆A
aa† +
g2B
∆B
bb† − 2g
2
A
δA
a†a− 2g
2
B
δB
b†b
)
|e〉〈e|
−
(
g2A
∆A
a†a+
g2B
∆B
b†b
)
|g〉〈g|
+
gAgB
2
(
1
∆A
+
1
∆B
)(ab†ei∆ABt + a†be−i∆ABt)σegz
+ gAgB(
1
δA
+
1
δB
)(ab†eiδABt + a†be−iδABt)σfez , (6)
where σegz = |e〉〈e| − |g〉〈g|, σfez = |f〉〈f | − |e〉〈e|, ∆AB =
∆A−∆B = ωB−ωA, and δAB = δA−δB = ∆AB. Notice
that the first, second, and third lines of Eq. (6) describe
Stark shifts of the levels |f〉, |e〉, and |g〉 of the transmon,
respectively. If we eliminate the degrees of freedom of
the transmon, the fourth or fifth line of Eq. (6) is exactly
the standard Hamiltonian which describes the Jaynes-
Cummings interaction between the cavities A and B. For
simplicity, we set ∆A = ∆B = ∆ and gA = gB = g.
Therefore, the Hamiltonian (6) can be rewritten as
He = λ
(
a†a+ b†b+ 2
) |f〉〈f |+ [Λ (a†a+ b†b)+ 2χ]|e〉〈e|
− χ (a†a+ b†b) |g〉〈g| − χ (a†b+ ab†) |g〉〈g|
+ λ
(
a†b+ ab†
) |f〉〈f |+ Λ (a†b+ ab†) |e〉〈e|, (7)
where the dispersive shifts χ = g2/∆, λ = 2g2/δ, and
Λ = χ − λ, and we have used [a, a†] = 1 and [b, b†] = 1.
Here the dispersive shifts χ, λ, and Λ can be adjusted by
the couplings strength g and the detuning ∆. One can
obtain the dispersive shifts χ > 0, λ > 0 and Λ < 0 with
the detuning ∆ > 0. On the contrary, if the detuning
∆ < 0, we will find that the dispersive shifts χ < 0,
λ < 0 and Λ > 0.
IV. EXPERIMENTAL IMPLEMENTATION OF
A QUANTUM ADDER IN 3D CIRCUIT QED
In this section we will show how to prepare a superpo-
sition state for arbitrary input states in 3D circuit QED
with the above Hamiltonian with the weak anharmonic-
ity. Let |ψ〉A =
∞∑
n=0
cn|n〉A and |ϕ〉B =
∞∑
m=0
dm|m〉B be
two arbitrary input pure states of microwave cavities A
and B, respectively. Here, the Fock states of the cavities
are expressed as |n〉A = (a
†)n√
n!
|0〉A and |m〉B = (b
†)m√
m!
|0〉B.
In the following, we assume that transmon qubit are in
arbitrary superposition states |φ〉T = sin θ|g〉 + cos θ|f〉,
|φ〉T = sin θ|g〉+ cos θ|e〉, respectively.
4A. |e〉 as the auxiliary state
We suppose the level |e〉 of transmon is not occupied,
namely, the transmon is initially prepared in state
|φ〉T = sin θ|g〉+ cos θ|f〉. (8)
Therefore, the effective Hamiltonian (7) reduces to
He = λ
(
a†a+ b†b+ 2
) |f〉〈f |+ λ (a†b+ ab†) |f〉〈f |
− χ (a†a+ b†b) |g〉〈g| − χ (a†b+ ab†) |g〉〈g|. (9)
Under the Hamiltonian (9), we obtain from the initial
state of the total system |φ〉T |ψ〉A|ϕ〉B
e−iH
g
0
te−iH
g
I t sin θ|g〉|ψ〉A|ϕ〉B
+ e−iH
f
0
te−iH
f
I
t cos θ|f〉|ψ〉A|ϕ〉B (10)
where Hg0 = −χ(a†a + b†b), HgI = −χ(a†b + ab†), Hf0 =
λ
(
a†a+ b†b+ 2
)
, and HfI = λ
(
a†b + ab†
)
.
By solving the Heisenberg equations for HgI and H
f
I ,
the dynamics of the operators a† and b† can be derived
as
a†(t) = cos(χt)a† + i sin(χt)b†,
b†(t) = cos(χt)b† + i sin(χt)a†, (11)
for |g〉 component and
a†(t) = cos(λt)a† − i sin(λt)b†,
b†(t) = cos(λt)b† − i sin(λt)a†, (12)
for |f〉 component of the state (10), respectively. The
above Eqs. (11) and (12) will be used to generate a su-
perposition state of two cavities.
1. |g〉 as the control state
For the evolution time t = ±(pi2 + 2k1pi)/χ, one has
a†(t) = ib† and b†(t) = ia†. That corresponds to for the
level |g〉, an exchange of quantum states between two mi-
crowave cavities except for a phase shift pi/2 conditioned
on the photon number in cavities A and B. When the
condition λt = ±(2pi + 2k2pi) is satisfied, we also have
a†(t) = a† and b†(t) = b† for the level |f〉. Here, the sign
“ + ” or “− ” depends on the detuning ∆ > 0 or ∆ < 0,
and k1 and k2 are non-negative integers. Accordingly,
one has the following relationship between the detuning
∆ and anharmonicity α
∆ =
2(k2 + 1)
2k2 − 4k1 + 1α (13)
When the conditions t = ±(pi2 + 2k1pi)/χ and λt =±(2pi + 2k2pi) are satisfied, the Eq. (10) changes to (see
Eq. (A5) of Appendix A)
sin θ|g〉|ϕ〉A|ψ〉B + cos θ|f〉|ψ〉A|ϕ〉B (14)
where we have used a†a|n〉 = n|n〉, b†b|m〉 = m|m〉,
(i)n = ei
pi
2
n, and (i)m = ei
pi
2
m. It should be noted here
that |ψ〉 and |ϕ〉 have the same Hilbert space while they
are arbitrary asymmetric states.
We first apply a Refpi rotation on the transmon that
leads to |f〉 → |e〉. Then one performs a Rgepi/2 rotation
on the transmon that realizes the conversions |g〉 → |+〉
and |e〉 → |−〉 with |+〉 = (|e〉 + |g〉)/√2 and |−〉 =
(|e〉−|g〉)/√2. Now we perform a projective measurement
onto the state |+〉 or |−〉 of transmon qubit, the state (14)
becomes
sin θ|ϕ〉A|ψ〉B ± cos θ|ψ〉A|ϕ〉B . (15)
Then we perform another measurement on the cavity B
in the referential state |χ〉B that satisfies 〈χ|ψ〉B 6= 0
and 〈χ|ϕ〉B 6= 0. Thus, one can obtain the following
superposition state of cavity A
|Ψ〉A = 1
N
(γ|ϕ〉 ± η|ψ〉), (16)
where γ = sin θ〈χ|ψ〉B , η = cos θ〈χ|ϕ〉B , and N =√
(1/2)[|γ|2 + |η|2 ± 2Re(γη∗〈ψ|ϕ〉)]. Here, the sign “ +
”or “ − ” of the output state conditioning on the mea-
surement |+〉 or |−〉 of transmon qubit. It can be seen
that the performance of the above superposition state is
possible with prior knowledge of the overlaps of 〈χ|ϕ〉
and 〈χ|ψ〉.
2. |f〉 as the control state
By waiting for the evolution time t = ±(pi2 + 2k1pi)/λ,
one has a†(t) = −ib† and b†(t) = −ia†. That cor-
responds to for the level |f〉, an exchange of quantum
states between two microwave cavities except for a phase
shift 3pi/2 conditioned on the photon number in cavities.
When the condition χt = ±(2pi + 2k2pi) is satisfied, we
also have a†(t) = a† and b†(t) = b† for the level |g〉. Here,
the sign “ + ” or “ − ” depends on the detuning ∆ > 0
or ∆ < 0, and k1 and k2 are non-negative integers. Ac-
cordingly, one has the following relationship between the
detuning ∆ and anharmonicity α
∆ =
4k1 + 1
4k1 − 8k2 − 7α (17)
When the conditions t = ±(pi2 + 2k1pi)/λ and χt =±(2pi + 2k2pi) are satisfied, the Eq. (10) changes to (see
Eq. (A7) of Appendix A)
sin θ|g〉|ψ〉A|ϕ〉B − cos θ|f〉|ϕ〉A|ψ〉B (18)
where we have used a†a|n〉 = n|n〉, b†b|m〉 = m|m〉,
(−i)n = e−ipi2 n, and (−i)m = e−ipi2m.
We successively apply Refpi and R
ge
pi/2 rotations to the
transmon qubit that result in |f〉 → |e〉 → |−〉 and |g〉 →
|+〉 with |+〉 = (|e〉+ |g〉)/√2 and |−〉 = (|e〉 − |g〉)/√2.
Now we perform a projective measurement onto the state
5|±〉 of transmon, the state (18) becomes
sin θ|ψ〉A|ϕ〉B ∓ cos θ|ϕ〉A|ψ〉B (19)
Then we perform another measurement on the cavity
B in the referential state |χ〉B that satisfies 〈χ|ψ〉B 6= 0
and 〈χ|ϕ〉B 6= 0. Thus, one obtains the superposition
state of cavity A
|Ψ〉A = 1
N
(γ|ψ〉 ∓ η|ϕ〉), (20)
where γ = sin θ〈χ|ϕ〉B , η = cos θ〈χ|ψ〉B , and N =√
(1/2)[|γ|2 + |η|2 ∓ 2Re(γη∗〈ϕ|ψ〉)]. Here, the sign “−”
or “ + ” of the output state depending on the measure-
ment |+〉 or |−〉 of transmon.
B. |f〉 as the auxiliary state
We assume that the level |f〉 of transmon is not occu-
pied, thus the initial state of the transmon is
|φ〉T = sin θ|g〉+ cos θ|e〉. (21)
Accordingly, the effective Hamiltonian Eq. (7) reduces to
He = [Λ
(
a†a+ b†b
)
+ 2χ]|e〉〈e|+ Λ (a†b+ ab†) |e〉〈e|
− χ (a†a+ b†b) |g〉〈g| − χ (a†b + ab†) |g〉〈g|. (22)
According to the Hamiltonian (22), the initial state
|φ〉T |ψ〉A|ϕ〉B of the total system at time t becomes
e−iH
g
0
te−iH
g
I
t sin θ|g〉|ψ〉A|ϕ〉B
+ e−iH
e
0
te−iH
e
I t cos θ|e〉|ψ〉A|ϕ〉B (23)
where Hg0 = −χ(a†a + b†b), HgI = −χ(a†b + ab†), He0 =
Λ
(
a†a+ b†b
)
+ 2χ, and HeI = Λ
(
a†b + ab†
)
.
By solving the Heisenberg equations for HgI and H
e
I ,
the dynamics of the operators a† and b† can be derived
as
a†(t) = cos(χt)a† + i sin(χt)b†,
b†(t) = cos(χt)b† + i sin(χt)a†, (24)
for |g〉 component, and
a†(t) = cos(Λt)a† − i sin(Λt)b†,
b†(t) = cos(Λt)b† − i sin(Λt)a†, (25)
for |e〉 component. We then discuss how to use the
Eqs. (24) and (25) to realize a superposition state of two
cavities.
1. |g〉 as the control state
For the evolution time t = ±(pi2 + 2k1pi)/χ, one has
a†(t) = ib† and b†(t) = ia†. That corresponds to for the
level |g〉, an exchange of quantum states between two mi-
crowave cavities except for a phase shift pi/2 conditioned
on the photon number in cavities. When the condition
Λt = ∓(2pi + 2k2pi) is satisfied, we also have a†(t) = a†
and b†(t) = b† for the level |e〉. Accordingly, we can
obtain the following relationship between the ∆ and an-
harmonicity α
∆ =
4k1 + 4k2 + 5
4k2 − 4k1 + 3α (26)
When the conditions t = (pi2 +2k1pi)/|χ| and |Λ|t = 2pi+
2k2pi are satisfied, the Eq. (23) changes to (see Eq. (B5)
of Appendix B)
sin θ|g〉|ϕ〉A|ψ〉B − cos θ|e〉|ψ〉A|ϕ〉B (27)
where we have used a†a|n〉 = n|n〉, b†b|m〉 = m|m〉,
(i)n = ei
pi
2
n, and (i)m = ei
pi
2
m. Here, the sign± of Eq. (3)
depending on the detuning ∆. It should be noted here
that |ψ〉| and |ϕ〉 have the same Hilbert space while they
are arbitrary asymmetric states.
We perform a Rgepi/2 rotation on the transmon qubit
that realizes the conversions |g〉 → |+〉 and |e〉 → |−〉
with |+〉 = (|e〉+ |g〉)/√2 and |−〉 = (|e〉− |g〉)/√2. Now
we perform a projective measurement onto the state |+〉
or |−〉 of transmon qubit, the state (27) becomes
sin θ|g〉|ϕ〉A|ψ〉B ∓ cos θ|e〉|ψ〉A|ϕ〉B . (28)
Then we perform another measurement on the cavity B
in the referential state |χ〉B that satisfies 〈χ|ψ〉B 6= 0
and 〈χ|ϕ〉B 6= 0. Thus, one can obtain the following
superposition state of cavity A
|Ψ〉A = 1
N
(γ|ϕ〉 ∓ η|ψ〉), (29)
where γ = sin θ〈χ|ψ〉B , η = cos θ〈χ|ϕ〉B , and N =√
(1/2)[|γ|2 + |η|2 ∓ 2Re(γη∗〈ψ|ϕ〉)]. Here, the sign “ +
”or “ − ” of the output state conditioning on the mea-
surement |+〉 or |−〉 of transmon qubit. It can be seen
that the performance of the above superposition state is
possible with prior knowledge of the overlaps of 〈χ|ϕ〉
and 〈χ|ψ〉.
2. |e〉 as the control state
For the evolution time t = ∓(pi2 + 2k1pi)/Λ, one has
a†(t) = −ib† and b†(t) = −ia†. That corresponds to for
the level |e〉, an exchange of quantum states between two
microwave cavities except for a phase shift 3pi/2 condi-
tioned on the photon number in cavities. Here the sign
“− ” of the expression t corresponds to ∆ > 0 while the
sign “ + ” corresponds to ∆ < 0. When the condition
χt = ±(2pi + 2k2pi) is satisfied, we also have a†(t) = a†
and b†(t) = b† for the level |g〉. Accordingly, one has
the following relationship between the detuning ∆ and
6anharmonicity α
∆ =
4k1 + 4k2 + 5
4k2 − 4k1 ∓ 3α (30)
When the conditions t = (pi2 +2k1pi)/|Λ| and |χ|t = 2pi+
2k2pi are satisfied, the Eq. (23) changes to (see Eq. (B7)
of Appendix B)
sin θ|g〉|ψ〉A|ϕ〉B + cos θ|e〉|ϕ〉A|ψ〉B (31)
where we have used a†a|n〉 = n|n〉, b†b|m〉 = m|m〉,
(−i)n = e−ipi2 n, and (−i)m = e−ipi2m.
We perform a Rgepi/2 rotation on the transmon qubit
that realizes the conversions |g〉 → |+〉 and |e〉 → |−〉
with |+〉 = (|e〉+ |g〉)/√2 and |−〉 = (|e〉− |g〉)/√2. Now
we perform a projective measurement onto the state |±〉
of transmon, the state (31) becomes
cos θ|ψ〉A|ϕ〉B ± sin θ|ϕ〉A|ψ〉B. (32)
Then we perform another measurement on the cavity B
in the referential state |χ〉B that satisfies 〈χ|ψ〉B 6= 0
and 〈χ|ϕ〉B 6= 0. Thus, one can obtain the following
superposition state of cavity A
|Ψ〉A = 1
N
(γ|ψ〉 ± η|ϕ〉), (33)
where γ = sin θ〈χ|ϕ〉B , η = cos θ〈χ|ψ〉B , and N =√
(1/2)[|γ|2 + |η|2 ± 2Re(γη∗〈ϕ|ψ〉)]. Here, the sign “±”
of the output state depending on the measurement |±〉
of transmon.
V. POSSIBLE EXPERIMENTAL
IMPLEMENTATION
Recent experimental results for the 3D circuit system
demonstrate the great promise of quantum computation
and QIP. For an experimental implementation, our setup
of two superconducting 3D cavities coupled to a trans-
mon has been demonstrated recently by [35].
Taking into account the effect of transmon weak an-
harmonicity, the dissipation and the dephasing, the dy-
namics of the lossy system is governed by the Markovian
master equation
dρ
dt
= −i[HI , ρ] + κAD[a] + κBD[b]
+ γegD[σ−eg ] + γfeD[σ−fe] + γfgD[σ−fg]
+ γϕeD[σee] + γϕfD[σff ], (34)
where ρ is the density matrix of the whole system, HI is
given by Eq. (5), σee = |e〉 〈e| , σff = |f〉 〈f |, and D [O] =
(2OρO+ − O+Oρ − ρO+O)/2 is the dissipator. Here,
κA (κB) is the decay rate of cavity A (B). In addition,
γeg, γfe, and γfg are the energy relaxation rates from
state |e〉 to |g〉, |f〉 to |e〉, and |f〉 to |g〉 of transmon
qubit, respectively. γϕe (γϕf ) is the dephasing rate of
the level |e〉 (|f〉) of transmon qubit.
The generation efficiency can be evaluated by fidelity
F =
√
〈ψid| ρ |ψid〉, where |ψid〉 is the ideal target state.
It is obvious that how to realize the controlled-SWAP
gate is the key of our proposal. So we mainly con-
sider the impurity introduced in this process. In fact,
the initial state preparation and measurement of trans-
mon and cavities can be relatively accurately performed
[35, 36, 48, 49], thus it is also reasonable for us not to
consider the initial state preparation, the rotations and
measurement impurites on the fidelity. Accordingly, the
ideal target state can just use the states like Eq. (14) .
In addition, the input state of the transmon-cavity sys-
tem is |φ〉T |ψ〉A|ϕ〉B . The initial state of cavities |ψ〉A
and |ϕ〉B can be arbitrary states such as discrete-variable
states or continuous-variable states. In the following, we
choose the cavities are initially in the coherent states,
i.e., |ψ〉A = |α〉A and |ϕ〉B = | − β〉B with α = β = 0.1.
We numerically simulate the fidelity of the operation
by solving the master equation (34). Since the transmon
qubit relaxation time T1 = 75 µs and the transmon qubit
dephasing time T2 = 45 µs have been achieved in similar
3D circuit system [35], we set γ−1ϕe = 15 µs, γ
−1
ϕf = 10 µs,
γ−1eg = 50 µs, γ
−1
fe = 25 µs, γ
−1
fg = 100 µs, In addition, we
set κ−1A = 1.5k µs, κ
−1
B = 1.0k µs. According to Ref. [35],
we choose the transmon anharmonicity α = ωeg − ωfe =
115 MHz in our numerical simulation. In the following,
we choose the dispersive shift χ = 1 MHz that because
this value of χ is readily available in experiments [35].
A. |e〉 as the auxiliary state
In Fig. 4-6 we consider the level |e〉 of transmon is not
occupied. Thus the input state of the transmon-cavity
system is (sin θ|g〉+ cos θ|f〉)|α〉A| − β〉B . The ideal tar-
get state is chosen by Eq. (14) or Eq. (18) for the case
of (i) the state |g〉 acts as a control state or (ii) the state
|f〉 acts as a control state. The corresponding param-
eters used in this subsection are: (i) k1 = 1, k2 = 2,
i.e., ∆ = 6α = 0.69 GHz, and (ii) k1 = 2, k2 = 0, i.e.,
∆ = 9α = 1.035 GHz, respectively. Figure 4(a) (b) show
the fidelity F versus θ (θ ∈ [0, 2pi]) for the case of (i)
the state |g〉 acts as a control state and (ii) the state |f〉
acts as a control state, respectively. Fig. 4 (a) or (b)
shows that for k = 0.001, 0.01, 0.1, 1, 10, 100, the op-
erational fidelity can be greater than 96.07% or 96.04%.
Moreover, we calculate the average fidelities are approxi-
mately (i) 97.31%, 97.43%, 97.43%, 97.43%, 97.43%, and
97.43%, (ii) 97.90%, 97.90%, 97.90%, 97.90%, 97.90%,
and 97.90% for k = 0.001, 0.01, 0.1, 1, 10, 100, re-
spectively. As in Fig. 4, the effect of the cavity de-
cay on the fidelity is almost unaffected with the cur-
rent parameter values. Thus the decoherence caused by
the cavity decay can be greatly suppressed. In Fig. 5
and Fig. 6, we choose k = 10 which corresponding to
κ−1A = 15 µs, κ
−1
B = 10 µs. Recently, the cavity relax-
ation time T1 = 3.3 ms has been reported in 3D circuit
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FIG. 4. (color online) Fidelity F versus θ for the case of (a)
the state |g〉 acts as a control state and (b) the state |f〉 acts
as a control state for k = 0.001, 0.01, 0.1, 1, 10, 100. The
parameters used in the numerical simulation are referred in
the text.
system [35].
To investigate the effect of the undesired inter-cavity
crosstalk on the fidelity, we numerically calculate the op-
eration fidelity with the crosstalk between two cavities
in Fig. 5 (a) (b). The effect of the inter-cavity crosstalk
can be taken into account by adding a Hamiltonian of
the form HAB = gAB(a
†b + ab†) in HI , where gAB is
the inter-cavity crosstalk coupling strength. Figures 5
(a) and (b) display fidelity F versus θ, which are plot-
ted by choosing gAB = 0, 0.01g, 0.1g for the case of
(i) the state |g〉 acts as a control state and (ii) the state
|f〉 acts as a control state, respectively. From the Fig. 5
(a) one can see that the crosstalk effect is very small or
negligible for gAB = 0.01g, 0.1g. One calculates the av-
erage fidelities are approximately 97.43%, 97.06%, and
96.93% for gAB = 0, 0.01g, 0.1g. Figure 5(b) shows
that for gAB = 0.01g, the fidelity is almost unaffected
by the crosstalk error while for gAB = 0.1g, the fi-
delity has a small decrease. The corresponding average
fidelities ∼ 97.90%, 97.75%, and 93.12% are calculated
for gAB = 0.01g, 0, 0.1g. In Fig. 6 (a) and 6 (b),
we choose the inter-cavity crosstalk coupling strengths
gAB = 0.1g and gAB = 0.01g, respectively. These the
(a)
(b)
FIG. 5. (color online) Fidelity F versus θ and by taking
the unwanted inter-cavity crosstalk into account for gAB =
0, 0.01g, 0.1g. Here, the gAB represents the inter-cavity
crosstalk coupling strength.
coupling strength conditions are easily satisfied by the
present circuit QED technology [50].
Figure 6 (a) and 6 (b) show output fidelities from
the master equation simulation, which take into account
the inhomogeneity in transmon-cavity interaction for the
case of (i) the state |g〉 acts as a control state and (ii) the
state |f〉 acts as a control state, respectively. Figure 6
displays the fidelity versus c and θ, where we set gA = g
and gB = cg with c ∈ [0.95, 1.05]. We can see from Fig.
6 (a) that with the change of the c, the fidelity is almost
unaffected in the regions 0.99 ≤ c < 1 and 1 < c ≤ 1.01.
Figure 6 (b) shows that the effect of the inhomogeneous
coupling on the fidelity is very small for 0.99 ≤ c < 1
and 1 < c ≤ 1.01. Figure 6 (a) and 6 (b) mean that the
coupling strengths gA and gB are not necessarily strictly
equal in our proposal.
B. |f〉 as the auxiliary state
In this subsection we consider the level |f〉 of transmon
is not occupied, i.e., the input state of the transmon-
cavity system is (sin θ|g〉+cos θ|e〉)|α〉A|−β〉B. The ideal
8(a)
(b)
FIG. 6. (color online) Fidelity F versus c and θ by taking
into account the inhomogeneity in transmon-cavity interac-
tion. Here gA = g and gB = cg with c ∈ [0.95, 1.05].
target state is given by Eq. (27) or Eq. (31) for the case of
(i) the state |g〉 acts as a control state or (ii) the state |e〉
acts as a control state. The corresponding parameters
used in this subsection are: (i) k1 = 1, k2 = 0, i.e.,
∆ = −9α = −1.035 GHz, and (ii) k1 = 1, k2 = 0, i.e.,
∆ = −9α = −1.035 GHz, respectively.
Figure 7 (a) and (b) display the fidelity F versus θ
with θ ∈ [0, 2pi] for the case of (i) the state |g〉 acts
as a control state and (ii) the state |e〉 acts as a con-
trol state, respectively. Figure 7 (a) or (b) shows that
for k = 0.001, 0.01, 0.1, 1, 10, 100, the operational
fidelity can be greater than 96.06% or 92.22%. In ad-
dition, we calculate the average fidelities are approxi-
mately (i) 98.13%, 98.13%, 98.13%, 98.13%, 98.13%, and
98.13%, (ii) 95.21%, 95.21%, 95.21%, 95.21%, 95.21%,
(a)
(b)
FIG. 7. (color online) Fidelity F versus θ for the case of (a)
the state |g〉 acts as a control state and (b) the state |e〉 acts
as a control state for k = 0.001, 0.01, 0.1, 1, 10, 100. The
parameters used in the numerical simulation are referred in
the text.
and 95.21% for k = 0.001, 0.01, 0.1, 1, 10, 100, respec-
tively. Figure 7 shows the effect of the cavity decay on
the fidelity is almost unaffected with the current param-
eter values. Thus the decoherence caused by the cavity
decay can be greatly suppressed. In the following, we
choose k = 10 which corresponding to κ−1A = 15 µs,
κ−1B = 10 µs.
Figure 8 (a) (b) display the effect of the unwanted
inter-cavity crosstalk on the fidelity, respectively. The
effect of the inter-cavity crosstalk can be taken into ac-
count by adding a Hamiltonian of the form HAB =
gAB(a
†b + ab†) in HI , where gAB is the inter-cavity
crosstalk coupling strength. Figures 8 (a) and (b) dis-
play fidelity F versus θ for gAB = 0, 0.01g, 0.1g, which
consider the case of (i) the state |g〉 acts as a control
state and (ii) the state |e〉 acts as a control state, re-
spectively. From the Fig. 8 (a) and (b) we can see
that the effect of the crosstalk on the fidelity is negli-
gibly small for gAB = 0.01g, 0.1g. Moreover, we calcu-
lates the average fidelities are approximately (i) 98.13%,
97.82%, and 98.03%, (ii) 95.21%, 95.03%, and 95.05%
for gAB = 0, 0.01g, 0.1g, respectively. In Fig. 9 (a)
and 9 (b), we choose the inter-cavity crosstalk coupling
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FIG. 8. (color online) Fidelity F versus θ and by taking
the unwanted inter-cavity crosstalk into account for gAB =
0, 0.01g, 0.1g.
strengths gAB = 0.1g and gAB = 0.01g, respectively.
Figure 9 (a) and 9 (b) take into account the inhomo-
geneity in transmon-cavity interaction for the case of (i)
the state |g〉 acts as a control state and (ii) the state
|e〉 acts as a control state, respectively. Figure 9 dis-
plays the fidelity versus c and θ, where we set gA = g
and gB = cg with c ∈ [0.95, 1.05]. Figure 9 (a) shows
that for 0.98 ≤ c < 1 and 1 < c ≤ 1.02, the effect of
the inhomogeneity on the fidelity is very small. More-
over, one can see that for 0.97 ≤ c ≤ 1.03, the fidelity
can be greater than 95.61%. Figure 9 (b) displays that
the fidelity is almost unaffected by the inhomogeneity
for 0.99 ≤ c ≤ 1.05. It is interesting to note that
the optimum fidelity has a small increase in the region
1 < c ≤ 1.05.
The simulations above show that the quantum adder
that generates a superposition of two unknown states
with high fidelity can be achieved for small errors in the
undesired the weak anharmonicity, inter-cavity crosstalk,
and the inhomogeneity.
(a)
(b)
FIG. 9. color online) Fidelity F versus c and θ by taking
into account the inhomogeneity in transmon-cavity interac-
tion. Here gA = g and gB = cg with c ∈ [0.95, 1.05].
VI. CONCLUSION
We have devised a quantum adder based on 3D circuit
QED that is a good candidate for quantum information
processing, computation and simulation. The 3D mi-
crowave cavities dispersively interacting with the trans-
mon to effectively create a superposition state of two ar-
bitrary states encoded in two cavities. The initial state
of each cavity is arbitrarily that selected as the discrete-
variable state or the continuous-variable state. Our pro-
posal also can be applied to other types of qubits such
as natural atoms [38] and artificial atoms (other super-
conducting qubits (e.g., phase qubits [39], Xmon qubits
[40], flux qubit [41]), NV centers [42], and quantum dots
[37]). The Numerical simulations imply that the high-
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fidelity generation of a superposition state of two cav-
ities is feasible with the current circuit QED technol-
ogy. Finally, our proposal provides a way for realizing a
quantum adder in a 3D circuit QED system, and such
quantum machine may find other applications in quan-
tum information processing and computation. We hope
this work would stimulate experimental activities in the
near future.
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Appendix A: Derivation of the equations (14) and (18)
Based on Hamiltonians
HgI = −χ(a†b+ ab†)
HfI = λ
(
a†b+ ab†
)
,
(A1)
we can obtain the following transformations
a†(t) = cos(χt)a† + i sin(χt)b†,
b†(t) = cos(χt)b† + i sin(χt)a†, (A2)
for |g〉 component and
a†(t) = cos(λt)a† − i sin(λt)b†,
b†(t) = cos(λt)b† − i sin(λt)a†, (A3)
for |f〉 component, respectively.
(i) |g〉 acts as a control state. When the evolution time t = ±(pi2 + 2k1pi)/χ, one has a†(t) = ib† and b†(t) = ia†
for Eq. (A2). When the condition λt = ±(2pi+2k2pi) is satisfied, we also have a†(t) = a† and b†(t) = b† for Eq. (A3).
Here, the sign “ + ” or “− ” depends on the detuning ∆ > 0 or ∆ < 0, and k1 and k2 are non-negative integers.
We suppose t = ±(pi2 + 2k1pi)/χ and λt = ±(2pi + 2k2pi), the state (10)
sin θ exp (−iHg0 t) exp (−iHgI t)|g〉|ψ〉A|ϕ〉B + cos θ exp
(
−iHf0 t
)
exp
(
−iHfI t
)
|f〉|ψ〉A|ϕ〉B (A4)
of the system changes as
sin θ exp (−iHg0 t) exp (−iHgI t)|g〉|ψ〉A|ϕ〉B + cos θ exp
(
−iHf0 t
)
exp
(
−iHfI t
)
|f〉|ψ〉A|ϕ〉B
= sin θ exp (−iHg0 t) exp (−iHgI t)|g〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
+ cos θ exp
(
−iHf0 t
)
exp
(
−iHfI t
)
|f〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
= sin exp (−iHg0 t)|g〉
∞∑
n=0
cn√
n!
(ib†)n|0〉B
∞∑
m=0
dm√
m!
(ia†)m|0〉A
+ cos θ exp
(
−iHf0 t
)
|f〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
= sin θ exp (−iHg0 t)|g〉
∞∑
n=0
(i)ncn|n〉B
∞∑
m=0
(i)mdm|m〉A + cos θ exp
(
−iHf0 t
)
|f〉
∞∑
n=0
cn|n〉A
∞∑
m=0
dm|m〉B
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= sin θ exp (iχmt) exp (iχnt) exp
(
i
pi
2
m
)
exp
(
i
pi
2
n
)
|g〉|ψ〉B |ϕ〉A
+ cos θ exp (−iλnt) exp (−iλmt) exp (−i2λt)|f〉|ψ〉A|ϕ〉B
= sin θ exp
(
impi[±(1
2
+ 2k1) +
1
2
]
)
exp
(
inpi[±(1
2
+ 2k1) +
1
2
)
|g〉|ϕ〉A|ψ〉B
+ cos θ exp [∓inpi(2 + 2k2)] exp [∓impi(2 + 2k2)] exp [∓i2pi(2 + 2k2)]|f〉|ψ〉A|ϕ〉B
= sin θ|g〉|ϕ〉A|ψ〉B + cos θ|f〉|ψ〉A|ϕ〉B , (A5)
where we have used a†a|n〉 = n|n〉, b†b|m〉 = m|m〉, (i)n = eipi2 n, and (i)m = eipi2m. Here that |ψ〉 and |ϕ〉 have the
same Hilbert space while they are arbitrary asymmetric states.
(ii) |f〉 acts as a control state. For the evolution time t = ±(pi2 + 2k1pi)/λ, one has a†(t) = −ib† and b†(t) = −ia†
for the level |f〉. For the condition χt = ±(2pi + 2k2pi), one also has a†(t) = a† and b†(t) = b† for the level |g〉. Here,
the sign “ + ” or “− ” depends on the detuning ∆ > 0 or ∆ < 0, and k1 and k2 are non-negative integers.
Under the conditions of t = ±(pi2 + 2k1pi)/λ and χt = ±(2pi + 2k2pi), the system state (10)
sin θ exp (−iHg0 t) exp (−iHgI t)|g〉|ψ〉A|ϕ〉B + cos θ exp
(
−iHf0 t
)
exp
(
−iHfI t
)
|f〉|ψ〉A|ϕ〉B (A6)
becomes
sin θ exp (−iHg0 t) exp (−iHgI t)|g〉|ψ〉A|ϕ〉B + cos θ exp
(
−iHf0 t
)
exp
(
−iHfI t
)
|f〉|ψ〉A|ϕ〉B
= sin θ exp (−iHg0 t) exp (−iHgI t)|g〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
+ cos θ exp
(
−iHf0 t
)
exp
(
−iHfI t
)
|f〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
= sin θ exp (−iHg0 t)|g〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
+ cos θ exp
(
−iHf0 t
)
|f〉
∞∑
n=0
cn√
n!
(−ib†)n|0〉B
∞∑
m=0
dm√
m!
(−ia†)m|0〉A
= sin θ exp (−iHg0 t)|g〉
∞∑
n=0
cn|n〉A
∞∑
m=0
dm|m〉B + cos θ exp
(
−iHf0 t
)
|f〉
∞∑
n=0
(−i)ncn|n〉B
∞∑
m=0
(−i)mdm|m〉A
= sin θ exp (iχmt) exp (iχnt)|g〉|ψ〉A|ϕ〉B
+ cos θ exp (−iλmt) exp (−iλnt) exp (−i2λt) exp
(
−ipi
2
m
)
exp
(
−ipi
2
n
)
|f〉|ψ〉B |ϕ〉A
= sin θ exp [±i2mpi(1 + k2)] exp [±i2npi(1 + k2)]|g〉|ψ〉A|ϕ〉B
+ cos θ exp
(
impi[±(1
2
+ 2k1)− 1
2
]
)
exp
(
inpi[±(1
2
+ 2k1)− 1
2
]
)
exp [∓ipi(1 + 4k1)]|f〉|ϕ〉A|ψ〉B
= sin θ|g〉|ψ〉A|ϕ〉B − cos θ|f〉|ϕ〉A|ψ〉B, (A7)
where we have used (−i)n = e−ipi2 n, and (−i)m = e−ipi2m. It should be noted here that |ψ〉 and |ϕ〉 have the same
Hilbert space while they are arbitrary asymmetric states.
Appendix B: Derivation of the equations (27) and (31)
By solving the Heisenberg equations for
HgI = −χ(a†b+ ab†),
HeI = Λ
(
a†b+ ab†
)
,
(B1)
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the dynamics of the operators a† and b† can be derived as
a†(t) = cos(χt)a† + i sin(χt)b†,
b†(t) = cos(χt)b† + i sin(χt)a†, (B2)
for |g〉 component, and
a†(t) = cos(Λt)a† − i sin(Λt)b†,
b†(t) = cos(Λt)b† − i sin(Λt)a†, (B3)
for |e〉 component.
(i) |g〉 acts as a control state. When the evolution time t = ±(pi2 + 2k1pi)/χ and the condition Λt = ∓(2pi + 2k2pi),
we have a†(t) = ib† and b†(t) = ia† for Eq. (B2) and a†(t) = a† and b†(t) = b† for Eq. (B3), respectively. Here, the
sign “ + ” or “ − ” of the expression t depends on the detuning ∆ > 0 or ∆ < 0, and k1 and k2 are non-negative
integers. Under the conditions of t = ±(pi2 + 2k1pi)/χ and Λt = ∓(2pi + 2k2pi), the state (23)
sin θ exp (−iHg0 t) exp (−iHgI t)|g〉|ψ〉A|ϕ〉B + cos θ exp (−iHe0t) exp (−iHeI t)|e〉|ψ〉A|ϕ〉B (B4)
changes to
sin θ exp (−iHg0 t) exp (−iHgI t)|g〉|ψ〉A|ϕ〉B + cos θ exp (−iHe0t) exp (−iHeI t)|e〉|ψ〉A|ϕ〉B
=sin θ exp (−iHg0 t) exp (−iHgI t)|g〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
+cos θ exp (−iHe0t) exp (−iHeI t)|e〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
=sin θ exp (−iHg0 t)|g〉
∞∑
n=0
cn√
n!
(ib†)n|0〉B
∞∑
m=0
dm√
m!
(ia†)m|0〉A
+cos θ exp (−iHe0t)|e〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
=sin θ exp (−iHg0 t)g〉
∞∑
n=0
(i)ncn|n〉B
∞∑
m=0
(i)mdm|m〉A + cos θ exp (−iHe0t)|e〉
∞∑
n=0
cn|n〉A
∞∑
m=0
dm|m〉B
=sin θ exp (iχmt) exp (iχnt) exp
(
i
pi
2
m
)
exp
(
i
pi
2
n
)
|g〉|ψ〉B |ϕ〉A
+cos θ exp (−iΛnt) exp (−iΛmt) exp (−i2χt)|e〉|ψ〉A|ϕ〉B
=sin θ exp
(
impi[±(1
2
+ 2k1) +
1
2
]
)
exp
(
inpi[±(1
2
+ 2k1) +
1
2
]
)
|g〉|ϕ〉A|ψ〉B
+cos θ exp [±i2npi(1 + k2)] exp [±i2mpi(1 + k2)] exp
(
∓i2pi(1
2
+ 2k1)
)
|e〉|ψ〉A|ϕ〉B
=sin θ|g〉|ϕ〉A|ψ〉B − cos θ|e〉|ψ〉A|ϕ〉B .
(B5)
where we have used (i)n = ei
pi
2
n, and (i)m = ei
pi
2
m. Here, the states |ψ〉 and |ϕ〉 have the same Hilbert space while
they are arbitrary asymmetric states.
(ii) |e〉 acts as a control state. For the evolution time t = ∓(pi2 +2k1pi)/Λ and the condition χt = ±(2pi+2k2pi), one
has a†(t) = −ib† and b†(t) = −ia† for Eq. (B2) , and a†(t) = a† and b†(t) = b† for Eq. (B3), respectively. Here the
sign “− ” of the expression t corresponds to ∆ > 0 while the sign “ + ” corresponds to ∆ < 0. When the conditions
t = (pi2 + 2k1pi)/|Λ| and |χ|t = 2pi + 2k2pi are satisfied, the Eq. (23)
sin θ exp (−iHg0 t) exp (−iHgI t)|g〉|ψ〉A|ϕ〉B + cos θ exp (−iHe0t) exp (−iHeI t)|e〉|ψ〉A|ϕ〉B (B6)
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changes to
sin θ exp (−iHg0 t) exp (−iHgI t)|g〉|ψ〉A|ϕ〉B + cos θ exp (−iHe0t) exp (−iHeI t)|e〉|ψ〉A|ϕ〉B
= sin θ exp (−iHg0 t) exp (−iHgI t)|g〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
+ cos θ exp (−iHe0t) exp (−iHeI t)|e〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
= sin θ exp (−iHg0 t)|g〉
∞∑
n=0
cn√
n!
(a†)n|0〉A
∞∑
m=0
dm√
m!
(b†)m|0〉B
+ cos θ exp (−iHe0t)|e〉
∞∑
n=0
cn√
n!
(−ib†)n|0〉B
∞∑
m=0
dm√
m!
(−ia†)m|0〉A
= sin θ exp (−iHg0 t)|g〉
∞∑
n=0
cn|n〉A
∞∑
m=0
dm|m〉B + cos θ exp (−iHe0t)|e〉
∞∑
n=0
(−i)ncn|n〉B
∞∑
m=0
(−i)mdm|m〉A
= sin θ exp (iχmt) exp (iχnt)|g〉|ψ〉A|ϕ〉B
+ cos θ exp (−iΛnt) exp (−iΛmt) exp (−i2χt) exp
(
−ipi
2
m
)
exp
(
−ipi
2
n
)
|e〉|ψ〉B|ϕ〉A
= sin θ exp [±i2npi(1 + k2)] exp [±i2mpi(1 + k2)]|g〉|ψ〉A|ϕ〉B
+ cos θ exp
(
impi[±(1
2
+ 2k1)− 1
2
]
)
exp
(
inpi[±(1
2
+ 2k1)− 1
2
]
)
exp [∓i4pi(1 + k2)]|e〉|ψ〉A|ϕ〉B
= sin θ|g〉|ψ〉A|ψ〉B + cos θ|e〉|ϕ〉A|ψ〉B, (B7)
where we have used (−i)n = e−ipi2 n, and (−i)m = e−ipi2m. Here, the states |ψ〉 and |ϕ〉 have the same Hilbert space
while they are arbitrary asymmetric states.
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